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About uniformly Menger spaces

BEKBOLOT KANETOV, DINARA KANETOVA,
ANARA BAIDZHURANOVA

ABSTRACT. Precompact type properties — precompactness (=totally
precompactness), o-precompactness, pre-Lindelofness, (=Ng-bounded-
ness), T-boundedness — belong to the basic important invariants studied
in the uniform topology.

The theory of these invariants is wide and continues to develop. How-
ever, in a sense, the class of uniformly Menger spaces escaped the at-
tention of researchers.

Lj.D.R. Koc¢inac was the first who introduced and studied the class
of uniformly Menger spaces in [3,4]. It immediately follows from the
definition that the class of uniformly Menger spaces lies between the
class of precompact uniform spaces and the class of pre-Lindel6f uniform
spaces. Therefore, we expect it to have many good properties.

In this paper some important properties of the uniformly Menger
spaces are investigated. In particular, it is established that under uni-
formly perfect mappings, the uniformly Menger property is preserved
both in the image and the preimage direction.

1. INTRODUCTION

Throughout this paper all uniform spaces are assumed to be Hausdorff
and mappings are uniformly continuous.

For covers a and /3 of a set X, we have:
a/\Bz{AﬂB:AEa, B € S},
a(z) = JSta,z), St(a,z)={Aca:zc A}, z€X,
a(H) = | St(a, H),
St(a, H)={Aca:A(H+#wo}, HCX.
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For covers a and S of the set X, the symbol a >  means that the cover «
is a refinement of the cover 3, i.e. for any A € « there exists B € § such
that A C B and, the symbol ax = § means that the cover « is a strongly
star refinement of the cover 3, i.e. for any A € « there exists B € § such
that a(A) C B.

A uniformity on a nonempty set X is a family U of covers of X which
satisfies the following conditions:

(Ul) if @« € U and f is a cover of X such that a > 3, then g € U,

(U2) if a1, a9 € U, then there exists o € U such that a > ag and a > ag;

(U3) if @ € U, then there exists § € U such that S* > «a;

(U4) for any two distinct points « and y in X there exists an a € U such
that no member of « contains both z and y.

The covers from U are called uniform covers, and the pair (X,U) a uni-
form space.

If Uy and Us are two uniformities on a set X and Us C Uy, then we say
that the uniformity U is finer than the uniformity Us or that Us is coarser
than Uj.

A uniform space (X, U) is called:

(1) precompact, if the uniformity U has a base consisting of finite
covers [1];

(2) o-precompact (o-compact), if it can be represented as the union of
countably many precompact (compact) subspaces [1];

(3) totally bounded, if each o € U there is a finite set M C X such that
a(M) = X [1];

(4) pre-Lindeldf or Ro-bounded, if the uniformity U has a base consisting
of countable covers [1,3,5];

(5) uniformly locally compact, if the uniformity U contains a uniform
cover consisting of compact sets [2[;

(6) uniformly Menger space or has the uniform Menger property, if for
each sequence (a, : n € N) C U there is a sequence (8, : n € N)
such that for each n € N, j3,, is a finite subset of a,, and |J 5, is a

neN
cover of X [3,4].
Let f: (X,U) — (Y,V) be a uniformly continuous mapping of a uniform
space (X,U) onto a uniform space (Y, V). The mapping f is called:

(1) precompact, if for each o € U there exist a uniform cover § € V and
a finite uniform cover v € U such that f=18 A~y = a [1];
(2) uniformly perfect, if it is both precompact and perfect [1].

A cover a of uniform space (X,U) is called co-cover, if a(F # @ for
all free Cauchy filters F' of (X,U). A Cauchy filter F' of (X,U) is called
a free Cauchy filter, if N{[M] : M € F} = &, where [M] is the closure of
the set M. For a uniformity U by 77 we denote the topology generated by
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the uniformity. The least upper bound of all uniformities on a Tychonoff
space X, i.e., the finest uniformity on the space X, is called the universal
uniformity on the space X and is denoted by Ux.

2. UNIFORMLY MENGER SPACES

The theory of selection principles has been developing intensively. A
search for uniform analogues of the basic concepts and statements of the
theory of selection principles is an actual task in the uniform topology. For
the first time, some uniform analogues of the theory of selection principles
have been studied in the work of the Serbian mathematician Lj.D.R. Ko¢inac
[3].

This paper studies some properties of uniformly Menger spaces.

We need the following simple uniform topological lemma.

Lemma 1. A uniform space (X,U) is pre-Lindeldf if and only if each uni-
form cover a € U contains a countable subcover ag C .

Proof. Let o € U be an arbitrary uniform cover. Since (X,U) is pre-
Lindelof, there is a countable uniform cover 8 € U such that 8 > «.
For any B, € [ we choose one Ap, € « such that B, C Ap,. Put
ap = {Ap, :n € N}. Then o C « is a countable subcover.

Conversely, let o« € U be an arbitrary uniform cover and g,~v € U be
two uniform covers such that v > 8 and 8% = « . Let 79 be a countable
subcover of v. For each I' € vy choose one element zr € " and put M =
{zr : T € y9}. It is clear that M is a countable subset of the space (X, U).
Let I' € g be an arbitrary element and y € I" be an arbitrary selected point.
Then there is zr € M such that y € ~y(zp). There is B € /8 such that
xzr € y(y) C v(T') € B. It follows from this, that v(I') C B(zr). Now for
zr choose one A, € a such that S(zr) C Ay.. Let ag = {Ay - 2r € M}.
Then v = . Therefore, ag € U. So (X, U) is pre-Lindelof. O

Theorem 1 ([3]). Any precompact uniform space (X,U) is a uniformly
Menger space, and any uniformly Menger space (X,U) is pre-Lindelof.

Proof. Let (X,U) be a precompact space and (o, : n € N) C U be an
arbitrary sequence. Then, for any n € N the cover «, contains a finite
subcover ) C a,. Put (8, : n € N), B, = al. Then (3, : n € N) is the
desired sequence of finite subfamilies. Hence, (X, U) is a uniformly Menger
space.

Let now e € U be an arbitrary uniform cover of a uniformly Menger space
(X,U). Put a, = afor any n € N. Then, for the sequence (ay, : n € N) C U,
where a,, = a, n € N, there is a sequence (8, : n € N) of finite subfamilies
such that for any n € N, 3, is a subfamily of the cover a,, i.e. a and

\J Bn is a cover of the space (X,U). For each n € N and for each element
neN
Bg,.i) € Bn, @ = 1,2,...,k by selecting one element ABBn(i) from a = ay,
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we obtain a finite subfamily a2 C . Then |J af is a countable subfamily

neN
of the cover a.. Since the family (J S, is a cover of the space (X,U), the
neN
family |J ol is also a cover of (X,U). According to Lemma 1, the space
neN
(X, U) is a pre-Lindelof space. O

Theorem 2. Any o-precompact uniform space (X, U) is a uniformly Menger
space.

Proof. Let (X,U) be a o-precompact space and (ay, : n € N) C U be an

arbitrary sequence, X = (J X, where each X,, is precompact. Then, for
neN

any n € N, the cover ax, = a, A {X,} of X,, contains a finite subcover

o&n C ay,. Put Bx, = o&n. Then, for each n € N, Bx, is a finite subset

of a, and | PBx,, is a cover of X. Hence (X,U) is a uniformly Menger
neN
space. O

Corollary 1. Any o-compact uniform space (X,U) is a uniformly Menger
space.

Corollary 2. Any o-compact Tychonoff space X is a Menger space.

Theorem 3 ([3]). A Tychonoff space X is a Menger space if and only if the
uniform space (X, Ux), where Ux is the universal uniformity, is a uniformly
Menger space.

Proof. Let X be a Menger space and (ay, : n € N) C Ux be an arbitrary
sequence of uniform covers. Since the interior (o) of each uniform cover
ay, is an open cover, then {(a,)} is a sequence of open covers of the spaces
X, (an) = {(A) : A € oy}, where (A) is the interior of the set A. Then,
there is a sequence (f3,, : n € N) of finite open subfamilies such that for any

n € N, 8, is a finite subfamily for «,, and |J £, is an open cover of X.
neN
Consequently, (X, Ux) is a uniformly Menger space.

Conversely, let (a, : n € N) be an arbitrary sequence of open covers of
the space X. Then (o, : n € N) C Ux. Therefore, there is a sequence
(Bn : n € N) of finite families such that for any n € N, the family 3,
is a subfamily of a,, and |J B, is a cover of the space (X,Ux). Assume

neN
Y = (Bn), (Bn) = {(B) : B € B,}, where (B) is the interior of the set B.
Note that (7, : n € N) is a sequence of finite subfamilies and for any n € N

the family ~, is a subfamily of «,, and the family (J , is an open cover of
neN
the spaces X. Consequently, X is a Menger space. O

Theorem 4. Let f: (X,U) — (Y, V) be a precompact mapping of a uniform
space (X,U) onto a uniform space (Y, V). If (Y, V) is a uniformly Menger
space, then (X,U) is also a uniformly Menger space.
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Proof. Let f: (X,U) — (Y, V) be a precompact mapping of a uniform space
(X,U) onto a uniformly Menger space (Y, V) and (v, : n € N) C U be an
arbitrary sequence of uniform covers. Then, for any n € N, there exists a
finite cover v, € U and B, € V, such that f~!8, A v, = a,. Since (Y, V)
is a uniformly Menger space, then for the sequence (8, : n € N) C V there

exists a sequence {59} of finite subfamilies such that |J 8¢ is a cover of
neN
the space (Y, V). Note, that for any n € N the family f=132 A v, is finite
and in addition U{f '8 Avn} = U f7185. Next, for any f~1BS Ny €
f~18s A ¥ choose A%J € ay, such that f‘lemﬂFm C Afm Put af =
{47 1, A7 o5 -+, A7 1}, where k is the cardinality of F7189 Ay,. Tt is easy to
see that the family |J «f is a cover of the space (X, U). Therefore, (X,U)
neN
is a uniformly Menger space. O

From [3, Theorem 6] and Theorem 4, the following theorem takes place.

Theorem 5. Let f : (X,U) — (Y, V) be a precompact mapping of a uni-
form space (X,U) onto a uniform space (Y, V). Then, uniformly Menger’s
property is preserved both in the image and the preimage direction.

Corollary 3. Let f : (X,U) — (Y,V) be a uniformly perfect mapping
of a uniform space (X,U) onto a uniform space (Y,V). Then, uniformly
Menger’s property is preserved both in the image and the preimage direction.

Proposition 1. The space of real numbers R with natural uniformity Ug is
a uniformly Menger space.

Proof. Let (o, : n € N) C Ug be an arbitrary sequence of uniform covers and
B ={(n—1,n+1) :n=0,£1,£2,...} be an open cover of the space (R, Ug).
Consider the following construction: for n = 0, due to the compactness
of [~1,1], from the cover aj select a finite subfamily af C «; such that
(-1,1) ¢ [-1,1] € J Y, for n = 1 from the cover ay select a finite subfamily
a9 C ap such that (0,2) C [0,2] C a9, and for n = —1 from the cover a3
select a finite subfamily o C as, such that (—2,0) C [-2,0] C a3, etc.
Continuing this process, get a sequence (a2 : n € N) of finite subfamilies.
Since f is a cover of the space (R,Ugr) and each element (n —1,n+1) €

is covered by some finite subfamily a2, then the family (J o is a cover of
neN
the space (R, Upg). Therefore, the space (R, Ug) is uniformly Menger. O

Corollary 4. The space of the rational numbers QQ with the uniformity in-
duced from the uniformity Ur is a uniformly Menger space. The unit interval
(0,1) as a subspace of (R,UR) is also a uniformly Menger space.

Proof. Tt follows from the Proposition 1 and [3, Theorm 7]. O

Theorem 6. A uniformly locally compact space (X, U) is a uniformly Menger
space if and only if it is a pre-Lindeldf space.
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Proof. Necessity:
Let (X, U) be a uniformly locally compact uniformly Menger space. Then,
from the Theorem 1, (X, U) is a pre-Lindel6f space.

Sufficiency:

Let (X,U) be a uniformly locally compact pre-Lindel6f space. Let us
show that (X,U) is a uniformly Menger space. Let (a, : n € N) C U be
an arbitrary sequence of uniform covers and § a uniform cover consisting of
compact subsets. Without loss of generality, assume that 8 is a countable
uniform cover consisting of compact subsets, i.e., 8 = {B1,Ba,...,Bp,... }.
For any n € N, due to the compactness of B,,, there exists a finite sub-
family o C a such that B, C [Ja. Since 3 is a cover of the space, the

family |J o is also a cover of the space (X,U). Consequently, (X,U) is a
neN
uniformly Menger space. U

Proposition 2. The completion of a uniformly Menger space is a uniformly
Menger space.

Proof. Let (X,U) be the completion of the uniformly Menger space (X, U)
and (&, : n € N) C U be an arbitrary sequence of uniform covers. Put
oy = ap A {X}. Then, from the definition of completion of uniform spaces
(a, : m € N) C U. Since (X,U) is a uniformly Menger space, there exists a
sequence (3, : n € N) of finite subfamilies such that for any n € N, 3, is a

subfamily of «,, and |J f, is a cover of the space (X,U). Then, there is a
neN

sequence (Bn :n € N) of finite subfamilies, such that for any n € N, B, is
a subfamily of &, and B A {X } = By for any n € N. It is easy to see that

U B, is a cover of the space (X,U). Consequently, (X,U) is a uniformly
neN
Menger space. O

Theorem 7. The remainder (X\X, ﬁX\X) of a uniform space (X,U) is a
uniformly Menger space if and only if for any sequence (o, : n € N) C U

there exists a sequence (al : n € N) of finite subfamilies such that |J o2 is
neN
a co-cover of the uniform space (X,U).

Proof. Necessity: } 3

Let the remainder (X\ X, U 2\ ) of a uniform space (X, U) be a uniformly
Menger space and (ay, : n € N) C U be an arbitrary sequence of uniform
covers of the space (X,U). Then (&, : n € N) C ﬁX\Xa where &, =
an MX\XY}, an = {An 1 Ay € o}, Ay = X\[X\ 4, 5. Since (X\X, UX\X)
is uniformly Menger space there exists a sequence (&n : n € N) of finite

subfamilies such that |J a2 is a cover of the space (X\X, UX\ <)
neN
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Let a0 = a% A {X}. &0 is a finite subfamily, so o is a finite subfamily.

Let F' be an arbitrary free Cauchy filter of the space (X,U). Then it con-

verges to some point # € X\X. There is A € [J &) such that A > g,
neN

A = AN(X\X). Denote by B(&) the filter of neighborhoods of the point .

Note B(#) ()X = F' and F’ C F. Then A € F. Therefore, |J a,, F # @,
neN
i.e., the family |J &Y is a co-cover of the space (X, U).
neN

Sufficiency: B

Let {Gn} be an arbitrary sequence of uniform covers of the space (X\X,
U X\X)' Then, there is a sequence (a, : n € N) of uniform covers of the
space (X,U), such that (&2 A {X\X} : n € N) = (4, : n € N). Hence,
by the conditions of the theorem that there exists a sequence (a9 : n € N)

n
of finite subfamilies such that the family |J a2 is a co-cover of the space

neN
(X,U). Put U a9, where &° = a’N(X\X), & = {4, : 4, € ad},
neN
A, = X\[X\A,]5. Let us prove that the family |J 49 is a cover of the

neN
space (X\X, UX\X)' Let # € X\X be an arbitrary point. Denote by B(Z)
the filter of neighborhoods of the point Z in (X, U),~i.e B(i’) is a minimal
filter Cauchy of the completion (X,U). Put FF = B(z)()X. Then, it is
easy to see that F' is a free Cauchy filter of the space (X,U). From this it
follows that |J o2 F # @, i.e., there exists A € |J a2 such that A € F.

neN B 5 R R neN R ~ B
It is clear that F' € A € B(2). Hence, A 5%, A€ |J &%, A = AN(X\X).
neN
Consequently, the family |J a2 is a cover of the space (X\X,U 3\ x)-
neN
Thus, the remainder (X\X,U 2\ ) is a uniformly Menger space. O

Proposition 3. Any compact uniform space (X,U) is a uniformly Menger
space.

Proof. Let (o, : n € N) C U be an arbitrary sequence of uniform covers.
Then, due to the compactness of the space (X, U), for any n € N the uniform
cover ay, contains a finite subcovering. Let (oY : n € N) be a sequence of
such finite subcovers. Then (ol : n € N) is the desired sequence of finite
subfamilies. Therefore, (X, U) is a uniformly Menger space. U

Theorem 8. The product (X x Y,U x V) of a uniformly Menger space
(X,U) and a precompact uniform space (Y, V') is a uniformly Menger space.

Proof. Let (X x Y,U x V) be the product of the uniformly Menger space
(X,U) and the precompact space (Y,V), and let (v, :n € N) C U x V be
an arbitrary sequence of uniform covers. Let v, = ap X By, ap € U, B, €V



60 ABOUT UNIFORMLY MENGER SPACES

for any n € N. Since the space (X,U) is uniformly Menger there exists a
sequence (o, : n € N) such that for any n € N, oy, is a finite subfamily of ay,

and |J o, is a cover of the space (X,U), and for any n € N the cover j,
neN
contains a finite subcover 32. Then, the family (o, x 8% : n € N) is a finite

subfamily of the cover a,, X . Let us show that the family |J oy, x ﬁg is a
neN
cover of the space (X xY,U x V). Let (z,y) € X xY be an arbitrary point.

Then, there are n* € N and C € oy,+, such that x € C. Since 89 is a finite
subcover of the space (Y, V), then for any n € N, and so for n*, there exists
B € BY. such that y € B. Hence, (z,y) € C X B € g+ x (8%.. Therefore,
the space (X x Y,U x V) is uniformly Menger. O

Corollary 5. The product of a uniformly Menger space and a compact uni-
form space is a uniformly Menger space.

Theorem 9. The finite discrete sum (X,U) = [[{(X;,U;) :i=1,2,...,m}
of uniformly Menger spaces (X;,U;),i = 1,2,...,m is uniformly Menger.

Proof. Let (X;,U;),i =1,2,...,m, be a uniformly Menger space. Let (ay, :
n € N) C U be an arbitrary sequence of uniform covers. Then, (o x, :
n € N) C U,anx, = an AN{X;}, i = 1,2,...,m. Therefore, for every
i € {1,2,...,m} there is a sequence f3, x, such that for any n € N the
family 3, x, is finite and |J S, x, is a cover of the space (X;,U;). Put
neN
n
Bn = U Bn,x,- Since the spaces (X;,U;),i =1,2,...,m are pairwise disjoint
i=1
in the space (X,U), then (3, is a finite subfamily for «,. According to
the definition of a discrete sum of uniform spaces, we have that the family

J Bn is a cover of the space (X,U). Therefore, the uniform space (X, U)
neN
is uniformly Menger. O

3. CONCLUSION

In this paper we have investigated some important properties of the uni-
formly Menger spaces which lie between precompact uniform spaces and
pre-Lindel6f uniform spaces. Especially, we proved that under uniformly
perfect mappings the uniformly Menger property is preserved, both in the
image and the preimage direction. Our further research could include inves-
tigation of other classes of uniform spaces such as Rothberger and Hurewicz
uniform spaces.
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